
Goal:

Thm A (HL):

Keywords from first lecture:

Thm B (Alper-HL-Heinloth):

Today: Discuss this theorem and applications to 
moduli of sheaves on a K3 surface

What is a Θ-reductive stack?

Def: A stack is Θ-reductive if…

Ex 1:

Ex 2:

Ex 3:

Prop: if       is Θ-reductive and a numerical 
invariant µ defines a Θ-stratification, then      
is Θ-reductive.

Last time…
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Def: given a family over a DVR  , we say that 
another map is a modification if the maps are 
isomorphic over the generic point

Ex: 

Def:      has unpunctured inertia if for any 
family over a DVR, one can find an elementary 
modification such that

1)

2)

Amplifications

If                is a good moduli 
space, then

Thm (semistable reduction):

Consequence:

Modifications and unpunctured inertia
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Set up:

Ex 1:

Ex 2:

Rem:

Hypothesis:

Moduli spaces

Consequences of main theorems:

Main example:

Central charge defines a line bundle:

Slope semistability
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We will always work with K-theoretic 
invariants:

Question: how do        and ܫ௩ఙሺܧሻ depend on 
stability condition σ? For nice results, we need to 
regard          as a derived stack. 

Definition

Correct Donaldson invariants of surfaces

A simple analogy for derived algebraic 
geometry:

On affine objects:

Analogous picture for derived schemes / 
stacks:

Virtual structure sheaf:

Classical shadow of derived world:

Naïve Donaldson invariants of surfaces
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Rem:

Hypothesis: 

Situation:

Wall crossing formula

Thm: Under the previous hypotheses, we have

Proof idea:

Uses: 1)

2) 

Nagging question:

Wall crossing
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Thm (Bayer-Macri): Any two manifolds in this 
class can be connected by a sequence of 
birational modifications of the form:

For some (twisted) K3 surface S

If v is primitive and σ generic, then

Restrict to class of CY manifolds birationally 
equivalent to ܯ௩

ఙିୱୱ

We now have a diagram:

Local models for flops

Base change the picture:

One can show, using self-duality

Thm: 

Application: we recently used this to prove that 
any two smooth projective CY manifolds in 
birational class of ܯ௩

ఙିୱୱ have equivalent derived 
categories of coherent sheaves.

Birational geometry -- K3 case
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